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In this paper, we study the problem of an impurity with infinite mass and the Casimir force
between two impurities immersed in a Bose-Einstein condensate. Our calculation results shows that
the Casimir force decays exponentially in distance at large distance. That is, it is a local attraction
force. It is not oscillating. Although for a single mode it is oscillating, its total effect is decaying. If
one single mode dominates, then it will oscillate.
PACS numbers: 44.27.1g, 61.72.Ss, 03.75.Kk
Introduction.— The Casimir force is the mutual attrac-
tion of two closely spaced, parallel and uncharged con-
ducting planes that persists even at absolute zero temper-
ature. This force results from a change in the zero point
energy of the electromagnetic field between the plates,
due to the modification of the field modes as the plates
are brought together, this effect and the interesting dy-
namical issue of impuruties in a Bose-Einstein conden-
sate(BEC) have been widely studied [1–7]. For the con-
fined BEC, the Casimir force comprises of a mean-field
part arising from the spatial inhomogeneity of the con-
densate order parameter and a quantum fluctuation part
arising from the confinement of Bogoliubov excitations
in the condensate[8]. At distances much larger than the
interparticle spacing, the impurities interact through a
Casimir-type force mediated by the zero-sound phonons
of the underlying quantum liquid[9] and the strength and
sign of this Casimir interaction depend sensitively on the
impurity separation[10]. The effect of the interaction be-
tween an optically active material and a BEC on the col-
lective oscillations of the condensate was calculated and
explicit expressions for the frequency shift of the center-
of-mass oscillation in terms of the potential generated by
the substrate and of the density profile of the gas were
provided. The form of the potential was discussed in de-
tail and various regimes (van der Waals-London, Casimir-
Polder, and thermal regimes) were identified as a function
of the distance of atoms from the surface[11]. A Casimir-
like force due to zero-temperature quantum fluctuations
on a stationary object in a moving superfluid flow was
calculated and the object was modeled by a localized po-
tential varying only in the flow direction and the flow
by a three-dimensional weakly interacting BEC at zero
temperature was modeled, the results showed that this
force exists for any arbitrarily small flow velocity and
the implications for the stability of superfluid flow was
discussed[12]. The Casimir effect for the perfect Bose-gas
in the slab geometry for various boundary conditions was
studied and the grand-canonical potential per unit area
at the bulk critical chemical potential µ = 0 has the stan-
dard asymptotic form with universal Casimir terms[13].
The Casimir force due to thermal fluctuations (or the
pseudo Casimir force) was previously calculated for a
perfect Bose gas in the slab geometry for various bound-
ary conditions. The Casimir pressure due to quantum
fluctuations in a weakly-interacting dilute BEC confined
to a parallel plate geometry was calculated for Dirichlet
boundary conditions. The Casimir energy and pressure
due to quantum fluctuations in a zero-temperature homo-
geneous weakly interacting dilute BEC confined to a par-
allel plate geometry with periodic boundary conditions
and include higher-order corrections to the leading-order
result which refers to as Bogoliubov corrections. The
leading-order term is identified as the Casimir energy of
a massless scalar field moving with a wave velocity equal
to the speed of sound in the BEC. The leading-order
Casimir pressure in a general three-dimensional rectan-
gular cavity of arbitrary length and the finite-size correc-
tion to the parallel plate scenario were obtained[14]. The
BEC for a three dimensions system of Bose gas which is
harmonically trapped along two perpendicular directions
and is confined in between two slabs along the other per-
pendicular direction was studied and the Casimir force
between the two slabs for this system of trapped Bose
gas was calculated, whether the Casimir force would de-
pend on h¯ would be determined form the geometry of
the system[15]. The relation between the bulk corre-
lation length and the decay length of thermodynamic
Casimir forces was investigated microscopically in two
three-dimensional systems undergoing BEC: the perfect
Bose gas and the imperfect mean-field Bose gas. For each
of these systems, both lengths diverge upon approach-
ing the corresponding condensation point from the one-
phase side, and are proportional to each other[16]. Vir-
tual phonons of a quantum liquid scatter off impurities
and mediate a long-range interaction, analogous to the
Casimir effect[17]. The interaction between weak impu-
rities in bosonic quantum liquids turns out to be short
ranged, decaying exponentially on the scale of the healing
length[9]. Casimir effect on an interacting BEC inside
2a cylindrical tube has been studied, the Casimir force
for the confined BEC consists of a mean-field part aris-
ing from the spatial inhomogeneity of the condensate or-
der parameter and a quantum fluctuation part arising
from the confinement of Bogoliubov excitations in the
condensate. The analytical result predicts Casimir force
on a cylindrical shallow of 4He well below the λ-point,
and can be tested experimentally[18]. The interaction
due to quantum gravitational vacuum fluctuations be-
tween a gravitationally polarizable object modelled as a
two-level system and a gravitational boundary is inves-
tigated. This quantum gravitational interaction is found
to be position-dependent, which induces a force in close
analogy to the Casimir-Polder force in the electromag-
netic case[19]. Casimir energy and Casimir force of two
component BEC restricted between two parallel plates
was calculated by using field theory, in which Dirichlet
and periodic boundary conditions applied and the results
show that, in one-loop approximation, the Casimir force
equals to summation of the one of each component and it
is vanishing in some cases: (i) inter-distance between two
plates becomes large enough; (ii) interaction is zero; (iii)
interspecies interaction is full strong segregation[20]. An
experimentally viable scheme to use an impurity atom in
an atomic BEC was theoretically proposed, in order to
realize condensed-matter analogs of quantum vacuum ef-
fects, studied Casimir forces and quantum friction from
Ginzburg radiation in atomic BEC, showing in partic-
ular the emergence, at supersonic atomic speeds, of a
novel power-law scaling of the Casimir force felt by the
atomic impurity, as well as the occurrence of a quantum
frictional force, accompanied by the Ginzburg emission
of Bogoliubov quanta[21]. We have explored the casimir
force between two impurities immersed in a BEC and
find the Casimir force decays exponentially in distance
at large distance and the Casimir force of the impurities
is duing to the exchange of virtual phonons between two
impurities, like that of the Cooper pairs.
Two impurities immersed in a boson system.— In this
paper, we solve the problem of an impurity with infinite
mass (we set h¯ = 1). This following refers to Ref.[22].
The Hamiltonian for two impurities immersed in a bo-
son system is written as
Hˆ =
∫
drφˆ†(r)
[−∇2
2mB
+
gBB
2
φˆ†(r)φˆ(r)
]
φˆ(r) +
∑
α=1,2
∫
drψˆ†α(r)
[−∇2
2mI
+gIBφˆ
†(r)φˆ(r)
]
ψˆα(r). (1)
In a Fourier transformation,
φˆ(r) = L−3/2
∑
k
eik·rdˆk, (2)
φˆ†(r) = L−3/2
∑
k
e−ik·rdˆ†k (3)
the boson part of the Hamiltonian is
HˆB =
∑
k
k2
2mB
dˆ†kdˆk
+
gBB
2
∑
k1,k2,q
dˆ†k1+qdˆ
†
k2−qdˆk1 dˆk2 (4)
Just as Cooper pairs for two electrons pairing by ex-
changing virtual phonons which are lattice vibrations,
two impurities attract each other. In Cooper pairs, the
Coulomb interactions makes the size of the pair finite.
But for two neutral impurities, the size of the impuri-
ties pair is bounded by the local hard repelling force.
It means that for two immincible species of atoms, each
species will tend to segregate, if the effective attracting
force overcome the s-wave scattering strength.
We will ask does it possible to realize a gas like that
in liquid 4He, in which the interparticle force is repulsive
short-ranged and attractive long-ranged. Further, does
it possible to realize a kind of supersolid? It should be
emphasized that the effective interactions between impu-
rities are Coulomb like for intermediate distance.
In the absence of an impurity, the excitations of the
dilute BEC are well-described in the Bogoliubov approx-
imation. In a traditional Bogoliubov method, the Hamil-
tonian is transformed into a phonon basis, with
dˆk = ukaˆk + υ
∗
−kaˆ
†
−k, dˆ
†
k = u
∗
kaˆ
†
k + υ−kaˆ−k, (5)
uk =
[
ǫ0(k) + gBBn0
2ωk
+
1
2
]1/2
, (6)
υk = −
[
ǫ0(k) + gBBn0
2ωk
− 1
2
]1/2
(7)
Here, ǫ0(k) = k
2/2mB, ωk =
√
ǫ0(k) [ǫ0(k) + 2gBBn0],
for nonzero k. aˆ0 is set to
√
N0. The Hamiltonian is
HˆBogB =
gN2
2V
+
∑
k 6=0
ωkaˆ
†
kaˆk
+
1
2
∑
k 6=0
[ωk − ǫ0(k)− gBBn
+
mBg
2
BBn
2
k2
]
(8)
aˆ†k, aˆk are phonon creating and destroying operators
respectively. In the phonon basis, the boson-impurity
interacting term is
HˆIB =
gIB
L3
∑
α
∫
drψˆ
†
α(r)ψˆα(r) [N0
+
√
N0
∑
k 6=0
(
e−ik·rdˆk + h.c.
)
+
∑
k1,k2 6=0
e−i(k1−k2)·rdˆ†k1 dˆk2

 (9)
3Using Bogoliubov approximation to describe the BEC
and keeping the lowest order terms for non-condensed
bosonic atoms, we arrive at
Hˆ = gIBn0 + HˆFROM ,
HˆFROM =
∑
k 6=0
ωkaˆ
†
kaˆk +
∫
d3r
∑
α
ψˆ
†
α
(r)
[−∇2
2M
+
∑
k 6=0
Vke
−ik·r
(
aˆk + aˆ
†
−k
) ψˆα(r) (10)
Here, Vk =
√
N0ǫ0(k)/ωk. (The validity condition of
the above effective Hamiltonian is as shown in Ref[22].)
When the two impurities have infinite mass, this corre-
sponds to a static impurity, and we substitute ψˆ†α(r)ψˆα(r)
by δ(r− rα). The Hamiltonian now reads
Hˆ = gIBn0 +
∑
k 6=0
ωkaˆ
†
kaˆk +
∑
k 6=0
Ck(aˆk + aˆ
†
−k), (11)
where Ck = Vk
∑
α
e−ik·rα . Assuming the two impurities
are located at 0,r0,the ground state energy can be calcu-
lated as
E0 = gIBn0 −
∫
dk
|Ck|2
ωk
= gIBn0 −
∫
dk
2 |Vk|2 [1 + cos(k · r0)]
ωk
(12)
It is the single phonon mediated renormalized ground
state energy for two static impurities. It consists two
parts. The first part dresses the impurities. The second
part leads to an attractive potential between the two im-
purities from single-phonon exchange process. (It is just
the single-phonon exchange process between two static
impurities.The ground state energy is isotropic for an
ordinary BEC.However, it will probably to anisotropic
when in an anisotropic BEC.)
From the expression of the ground state energy, the
Casimir potential between the two impurities is
UCasi = −
∫
dk
2 |Vk|2 cos(k · r0)
ωk
. (13)
In terms of healing length ξ = (2mBgBBn0)
−1/2
,it is
written as
UCasi = −4N0mBξ2−d
∫
ddk′
cos(k′·r′0)
k′2 + 2
, (14)
where k′ = ξk,and r′0 = r0/ξ.The Casimir force is given
by
FCasi = −∇|r0|UCasi. (15)
The BEC’s healing length—the distance over which the
BEC-density tends to its asymptotic value if the conden-
sate vanishes at a planar boundary—follows from equat-
ing the corresponding kinetic energy to µB.
Main Results.—The results are the following,
In three dimensions.— For three dimensions system,
we have the Casimir potential
UCasi = D
∫ ∞
0
k2dk
∫ pi
0
sin θdθ
∫ 2pi
0
dϕ
cos(kr′0 cos θ)
k2 + 2
.
(16)
where D = −4N0mBξ−1. It gives
UCasi = −16πN0mB
ξr′0
∫ ∞
0
dk
k sink
k2 + 2r′20
= −8π
2N0mB
ξ
1
r′0
e−
√
2r′
0 . (17)
This is just the Yukawa potential. The appearance of
a Yukawa interaction is not surprising. It is known in
quantum field theory[23] that the interactions mediated
by a scalar boson field takes the form of an attractive
Yukawa potential in a non-relativistic case. The Casimir
force is
FCasi = −8π
2N0mB
ξ2
[
1
r′20
+
√
2
r′0
]
e−
√
2r′
0 rˆ0. (18)
In two dimensions.— For two dimensions system, we
have the Casimir potential
UC = −4N0mB
∫ ∞
0
dk
k
k2 + 2
∫ 2pi
0
dθ cos(kr′0 cos θ)
= −4N0mB
∫ ∞
0
dk
k
k2 + 2
· 2πJ0(kr′0)
= −8πN0mB
∫ ∞
0
dk
kJ0(kr
′
0)
k2 + 2
= −8πN0mBK0(
√
2r′0). (19)
The Casimir force is
FCasi = −8
√
2πN0mBξ
−1K1(
√
2r′0)rˆ0. (20)
So, for r0 < ξ, it is approximately FCasi ∝ −1/r0. Does
this result apply to two poles in a three dimensional bo-
son gas? This depends on whether there is bosons de-
pleted around the poles when the size of the poles are
much smaller than the healing length of the boson gas.
It is assumed that if the size of the impurity is much
smaller than the healing length, the bosons are homoge-
neously distributed around the impurities.
In one dimension.— For one dimension system, we
have the Casimir potential
UCasi = −4N0mBξ
∫ ∞
0
dk
cos(kr′0)
k2 + 2
= −
√
2πN0mBξe
−√2r′
0 . (21)
4The Casimir force is
FCasi = −2πN0mBe−
√
2r′
0 . (22)
Conclusions.— The Casimir force
FCasi ∝ −r1−d0 rˆ0, (23)
for r0 < ξ. It decays exponentially in distance at large
distance. That is, it is a local attraction force. It is
not oscillating. Although for a single mode it is oscil-
lating, its total effect is decaying. If one single mode
dominates, then it will oscillate. In Ref.[24], the same
result is obtained as an effective potential between two
impurities in the static limit. In Ref.[24],[25], it is equal
to the effective potential induced by single-phonon ex-
change. In Ref.[17], phonon-mediated Casimir interac-
tions between two mobile impurities in a one-dimensional
condensate is considered. The short-ranged force corre-
sponds to single-phonon exchange process. The size of
the impurity is smaller than healing length. The scatter-
ing length between the impurity and the bosons is smaller
than the healing length. The presence of the impurity
does not play a role of “wall”. That is, the bosons does
not depleted around the impurity. The bosons are ho-
mogeneously distributed except at within a distance of
the scattering length around the impurity. For a solid
wall in a condensate, the vanishing of wave functions
at the surface of the wall lead to a depletion of bosons
within a distance from the surface of the wall, called the
healing length. In this region, the density gradually in-
creases from the surface of the wall. There is a resulting
quantum pressure due to the depletion of the bosons.
The total pressure is in equilibrium. The attraction of
the impurities is due to exchange of virtual phonons be-
tween the two impurities, like that of the Cooper pairs.
The point here is that there can be virtual phonon ex-
change between quenched impurities, which lead to a
lower ground state energy. It is a peculiar of vacuum. It
is the coupling of the impurity with the zero-point mo-
tion of bosons. This lowering of vacuum energy, and the
resulting attracting force is different from that of Casimir
force. Here, the dispersion relations of the phonons are
not changed due to the presence of the impurity. In the
latter case, the lowering of vaccum energy is induced by
changing the wave length of the modes. So there is a nat-
ural question, what plays a major role in a specific case?
This is assumed to be determined by the boundary condi-
tion of the impurities imposed onto the boson gas. In the
case of quantum dot coupled with zero mode of phonon,
the dispersion relation is modified.There,the coupling of
the zero mode leads to a weaker effective on-site repel-
sion. In the famous Anderson localization, what the role
the virtual modes play? If the real wave functions are
localized, the energy of the system will increase. As an
explanation of the decaying beyond the healing length,
we guess the exchange of virtual phonon is effectively
within a time scale h¯ξ2, or a length scale ξ. The modes
with wave length smaller than the healing length should
play a minor role in a exchange of virtual phonons pro-
cess.
This work was supported by the NSFC under grants
Nos.11404013, 61405003, Beijing Technology and Busi-
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APPENDIX.— The microscopic many-body Hamilto-
nian (we set h¯ = 1)[22]
Hˆ =
∫
d3rφˆ†(r)
[
− ∇
2
2mB
+
gBB
2
φˆ†(r)φˆ(r)
]
φˆ(r)
+
∫
d3rψˆ†(r)
[
− ∇
2
2M
+ gIBφˆ
†(r)φˆ(r)
]
ψˆ(r)(24)
This equation can be reduced to an effective Fro¨hlich
polaron Hamiltonian that describes interaction of im-
purity atoms with the collective phonon excitations of
the BEC. Using Bogoliubov approximation to describe
the BEC and keeping the lowest order terms for non-
condensed bosonic atoms, we arrive at[22]
Hˆ = gIBn0 +
∫
d3rψˆ†(r)
−∇2
2M
ψˆ(r)
+
∫
d3k
[ ∫
d3rψˆ†(r)ψˆ(r)Vkeik·r
(
aˆk + aˆ
†
−k
)
+ωkaˆ
†
kaˆk
]
= gIBn0 + HˆFROH (25)
where
HˆFROH =
∫
d3k
[ ∫
d3rψˆ†(r)ψˆ(r)Vkeik·r
(
aˆk + aˆ
†
−k
)
+ωkaˆ
†
kaˆk
]
+
∫
d3rψˆ†(r)
−∇2
2M
ψˆ(r). (26)
The problem with an impurity of infinite mass can be
solved exactly. This corresponding to a static impurity
and substitute ψˆ†(r)ψˆ(r) by δ(r). The corresponding
Fro¨hlich Hamiltonian now reads[22]
Hˆ = gIBn0 +
∫
d3k
[
Vk(aˆk + aˆ
†
−k) + ωkaˆ
†
kaˆk
]
, (27)
where we assumed an impurity localized at r = 0.
We denote the phonon part of the wavefunction as
|Ψph〉a so that the total wavefunction is given by |Φ〉 =
|Ψph〉a ⊗ ψˆ†(0)|0〉I. It can be diagonized by apply an
unitary transformation
Uˆ = exp
(∫
d3kα∞k aˆ
†
k − (α∞k )∗aˆk
)
. (28)
Use
Hˆ ′ = e−tOˆHˆetOˆ
= Hˆ + (−t)[Oˆ, Hˆ ] + (−t)
2
2!
[Oˆ, [Oˆ, Hˆ]] + ..., (29)
5and
[Aˆ, BˆCˆ]± = [Aˆ, Bˆ]±Cˆ ∓ Bˆ[Aˆ, Cˆ]−, (30)
there is
Uˆ †aˆkUˆ = aˆk + α∞k . (31)
Using the symmetry V ∗−k = Vk, the transformed Hamil-
tonian reads
Uˆ †HˆUˆ = gIBn0 +
∫
d3k
{
ωkaˆ
†
kaˆk
+
[
aˆ†
k
(V−k + ωkα∞k ) + h.c.
]
+(Vkα
∞
k + h.c.) + ωk|α∞k |2
}
. (32)
By choosing α∞k = −Vk/ωk, the interaction terms linear
in aˆ†k and aˆk can be eliminated.
The ground state of the resulting Hamiltonian is given
by the vacuum |0〉a and its energy is
E0 = gIBn0 −
∫
d3k
|Vk|2
ωk
. (33)
The coefficient Vk depends on the impurity-boson inter-
acting strength. The infinite-mass polaron wavefunction
is
|Φ〉 = exp
[
−
∫
d3k
1
ωk
(V ∗k aˆ
†
k − Vkaˆk)
]
|0〉a ⊗ ψˆ†(0)|0〉I.
(34)
The dispersion relations of the phonons are not changed
due to the presence of the impurity.
Here, we need some mathematical relationships as fol-
lowing
∫ ∞
0
dx
x sinx
x2 + a2
=
π
2
e−|a|. (35)
∫ ∞
0
dx
xJ0(bx)
x2 + a2
= K0(ab), (36)
K ′0(x) = −K1(x). (37)
∫ ∞
0
dx
cos(λx)
x2 + k2
=
π
2|k|e
−|λk|. (38)
For 0 < x≪ √α+ 1,
Kα(x)→


− ln(x/2)− γ if α = 0,
Γ(α)
2
(
2
x
)α
if α > 0.
(39)
For x≫ |α2 − 1/4|, there is
Kα(x)→
√
π
2x
e−x. (40)
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